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ABSTRACT

The problem of estimatingthe Euler-Poincaŕe characteristic(Euler numberfor short) of a set in the 3d
Euclideanspaceis considered,giventhatthis setis observedin thepointsof a lattice. In this situation,which
is typical in imageanalysis,the choiceof anappropriatedata-baseddiscretisationof thesetis crucial. Four
versionsof a discretisationmethodwhich is basedon the notion of adjacency systemsarepresented;these
versionsarereferredto as

�
14� 1 � 14� 1� , � 14� 2 � 14� 2� , � 6 � 26� , and

�
26� 6� . A comparativeassessmentof thefour

approachesis performedwith respectto thesystematicerroroccuringin applicationto Booleanmodels.It is a
surprisingresultthat,exceptfor

�
26� 6� , theestimatorsyield infinitely largesystematicerrorswhenthelattice

spacinggoesto zero.Furthermore,themeasurementsof theEulernumberfrom 3ddataof autoclavedaerated
concreteillustratetheinfluenceof thechoiceof adjacency andthebehaviour of theestimators.

Keywords: Euler-Poincaŕe characteristic,discretisation,binary image,neighbourhood,adjacency, Boolean
model,systematicerror.

INTRODUCTION

In materials’science,aswell asin otherresearch
fields, the Euler number (or its density) is usedas
a characteristicdescribing the connectivity of the
components(constituents)of a compositematerialor
theporespaceof a porousmedium,seeLevitz (2002)
andOhserandMücklich (2000).

Fromatheoreticalpointof view theEuler-Poincaŕe
characteristicχn � X � , or Euler number for short, of
an n-dimensionalsetX in the Euclideanspace� n is
a basic quantity of integral geometry. By meansof
Crofton’s intersectionformulae,thequermassintegrals
(Minkowski functionalsor intrinsic volumes)can be
expressedin termsof the Euler numbersχk defined
on sectionsof X with k-dimensionalplanes, k �
0 �
	
	
	�� n � 1, seeSchneiderandWeil (2000).This is the
basisof the measurementof the quermassintegralsin
imageanalysis.Definitionsandpropertiesof theEuler
numberarerecalledin section“The Eulernumberof a
set”.

In the context of image analysis it is usually
assumedthatthesetX is observedonapointlattice 
 n.
TheintersectionX ��
 n is themathematicalexpression
for the observable information aboutX. In practical
applicationswe considerthe lattice 
 n restrictedto
a bounded window W ��� n. Let 1X denote the
characteristicfunctionof X. Theset � � x � 1X

� x��� : x �
W ��
 n � is saidto bethe(binary)imageof X observed
in W, andtheelementsof theimagearecalledpixels.

Therearetwo waysof consideringdigital images
of this type. One way is basedon discrete(lattice)
geometry, in particularintegralgeometryon thelattice
and introduction of discreteMinkowski functionals;
seeVoss(1993). In the presentpaperthe alternative
view is taken, namely that the analysis of the
discretisedimage aims at a good approximationof
parametersor features of the original (i.e. non-
discretised)setX in Euclideanspace,seeSerra(1982)
for a systematicintroduction.

Thepropertiesof thediscretisationdependheavily
on the chosenconnectivity, that is the rule according
to which the neighboursof a given foreground or
backgroundpixel arefound.In imageanalysis,object
and backgroundare usually endowed with different
connectivities (neighbourhoods)in order to ensure
a digital Jordansurface theorem.Typical pairs are� 6 � 26� and � 6 � 18� , see e.g. Kong and Rosenfeld
(1989); Lee et al. (1991); Lohmann(1998). In this
notation, the first componentof a pair indicatesthe
numberof neighboursa lattice point is connectedto
if this lattice point belongs to the foreground and
the secondcomponentdenotesthe numberof used
connectionsto neighboursif the lattice point belongs
to thecomplement(thebackground).Most algorithms
for determiningthe Euler numberin 3d like Serra’s
marching cube algorithm Serra (1969); Lee et al.
(1991) work with 6 connectivity of the object and
26 connectivity of the backgroundor vice versa,see
(KongandRosenfeld,1989,Section8) and(Lohmann,
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1998,Section3.1.2)for surveys andthereferencesin
Ohseret al. (2002b).

Here we follow Ohser et al. (2002b) and use
adjacenciesbased on tessellationsto describe the
connectivity unambiguously. It was shown in Ohser
et al. (2002b) that � 14	 1 � 14	 1� , � 14	 2 � 14	 2� , � 6 � 26� ,
and � 26� 6� are pairs of complementaryadjacencies.
Thatmeans,their usefor foregroundandbackground,
respectively, ensuresthat the values of the Euler
numbersfor discretisedsetsand their complements
fulfill a consistency relation,i.e. in 3d thatbothvalues
areidentical.

a)

b)

Fig. 1. Microstructureof two specimensof autoclaved
aeretedconcrete (AAC). (a) 320 � 330 � 330 pixels,
arranged in a simplecubic lattice of spacing31 µm.
in theright one(b) 450 � 500 � 230pixelsof uniform
spacing 17µm. Both visualisationsshow the solid
matterof theporousmedia.

In the present paper we consider pairs of
adjacencies,to be used for the object X and for
the backgroundXc (the complement)respectively,
which ensurethat the valuesof the Euler numbers
for the discretisedsetsfulfill a consistency relation,
i.e. in 3d that both values are identical. A pair of
adjacenciesis called complementaryif it provides a
pair of consistentestimators.It was shown in Ohser
et al. (2002b) that � 14	 1 � 14	 1� , � 14	 2 � 14	 2� , � 6 � 26� ,
and � 26� 6� arepairsof complementaryadjacencies.In
this notation,the first componentof a pair indicates
the numberof neighboursa lattice point is connected
to if this lattice point belongsto X (the object) and
the secondcomponentdenotesthe numberof used
connectionsto neighboursif the lattice point belongs
to the complementXc (the background).The exact
definitionsof the adjacenciesand the discretisations
which they inducearegivenin section“Discretisation
with respectto adjacency”.

In section“Approximationof the Euler number”
we show how to approximate the Euler number
of X using its discretisation.After recalling the
consistency relation in section “Consistency”, we
provide in section “Estimation of the density of
the Euler number” the estimatorfor the density of
the Euler number of a random closed set based
on the discretisationw.r.t. a pair of complementary
adjacencies.

Thestudyof realdatafrom samplesof autoclaved
aeratedconcrete(AAC) showsthattheestimatedvalue
of the Euler numbercandependconsiderablyon the
chosenadjacency (neighbourhood)system.Therefore,
in section“Booleanmodels”,the systematicerror for
the four estimators,applied to a Booleanmodel, is
calculated.This follows the methodappliedby Serra
Serra(1982), who determinedthe errors for several
neighbourhoodsin 2dandfor � 26� 6� in 3d.Healready
statedthat there is a non-negligible systematicerror
which does not vanish when the lattice spacingc
(i.e. the resolution of the equipment for imaging)
goesto zero. The resultsin the presentpapershow
that surprisingly the asymptoticbehaviour is much
worse for � 14	 1 � 14	 1� , � 14	 2 � 14	 2� and � 6 � 26� . The
systematicerrorevendivergesto (minus)infinity for c
approachingzero.Fig. 3 in section“Booleanmodels”
illustratesthat noneof the four adjacenciesyields a
uniformly best estimator. It dependshighly on the
parametersof the Boolean model which adjacency
performs best. In section “The connectivity of the
pore spaceof AAC” numeric results are presented
which show that for practicableresolutionsof images
the Euler number can be estimatedreasonably. In
particularfor theimagein Fig. 1btheestimatorsbased
on the four consideredpairs of adjacenciesdo not
differ considerably.
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THE EULER NUMBER OF A SET

To begin with we recallsomefactsconcerningthe
Euler numberin order to have a comprehensive but
alsomathematicallysolid base.

There are several equivalent definitions of the
Euler numberof a set, see the books of Hadwiger
Hadwiger (1957), Matheron Matheron (1975),
SchneiderSchneider(1993),and SerraSerra(1982),
andWeil’s paperWeil (2000).

Oneway to introduceof the Euler numberχn in� n is to fix thevalues

χn � /0��� 0 and χn � X0 ��� 1

for any convex bodyX0, andto definethecontinuation
to finite unionsof convex bodiesby additivity, namely

χn � X1 � X2 ��� χn � X1 ��� χn � X2 ��� χn � X1 � X2 �
for convex bodiesX1 � X2.

Generally, for finite unions, this additivity is
expressedby a so-calledinclusion-exclusionformula.
Theclassof finite unionsof convex bodiesis referred
to astheconvex ring or theclassof polyconvex sets.

On the convex ring, χn � X � can equivalently be
introduced by Hadwiger’s recursive definition, see
Ohseret al. (2002b).This is thebasisfor determining
the Euler numberby counting tangentpoints of the
setX. Let Xc andX denotethecomplementof X and
the topologicalclosureof X, respectively. Hadwiger’s
recursive definition can be usedfor defining χn � Xc �
too,whereX is from theconvex ring.

For the Euler numberof a polytope P, i.e. the
convex hull of a finite set of points, seeSchneider
(1993), the mentioneddefinitions are coherentwith
theEuler-Poincaŕe formulain termsof numbersof the
lower-dimensionalfacesof P. For k � 0 �
	
	
	�� n denote
by � k � P� the set of all k-facesof P. In particular,� 0 � P� is the setof vertices,� 1 � P� the setof edges,� n  1 � P� thesetof facets,and � n � P� is thepolytope
itself, � n � P�!�"� P � . Furthermore,let #� k � P� be the
numberof elementsin � k � P� . ThentheEulernumber
of P canbewrittenas

χn � P��� n

∑
k# 0

� � 1� k#� k � P�$	 (1)

For a polytope, the Euler-Poincaŕe formula yields
that the right hand side equals 1, see (Webster,
1994,Theorem3.5.1).Formula(1) canbe additively
extended to the case when P is a finite union of
polytopes,i.e.whenP is apolyhedron,seealso(Jernot
et al., 2001,Section4).

Anotheraspect,which is of particularimportance
in image analysis, is the relation between the
Euler numbersof the ‘object’, χn � X � , and of the
‘background’,χn � Xc � .

Undersomeweakconditionsfor thesetX we get
theimportantrelationship

χn � Xc ��� � � 1� n% 1χn � X �$	 (2)

Theconsistency relation(2) wasshown in Ohseret al.
(2002b)(andalreadyin (Langet al., 2001,Appendix)
for those bounded sets X for which both X � B
and Xc � B belongto the convex ring for all convex
bodiesB). A more generalversion of the assertion
of the theoremis proven in Rataj and Zähle (2002).
Finally, we remarkthat (2) is obvious for compactX
with nonemptyinteriour. In this caseχn � X �&� 1 and
χn � Xc ��� � � 1� n% 1.

DISCRETISATION WITH RESPECT TO
ADJACENCY

Roughlyspeaking,discretisationof a setX �'� n

meanstheapproximationof X by apolyhedralsetdue
to observationsona point lattice.

We consider a cubic lattice 
 3 � c ( 3 (where( denotes the set of integers) in the 3d space.
In our approach, the discretisation is based on
polytopes which are parts of the lattice cells. In
Ohseret al. (2002b)we developedthe corresponding
definitionssystematicallywith respectto certaintypes
of tessellationsof the lattice cells. Denoteby C �)
0 � c� 3 � c * 0 the half-open unit cell of the lattice.
Obviously + x ,.- 3

� C � x�$�/� 3, i.e. thecellsarespace-
filling. In order to define an adjacency systemwe
endow C with asetof convex polytopesP1 �
	
	
	�� Pm 0 C̄
with � 0 � Pi �$�1
 3, i.e. theverticesof Pi mustbelattice
pointsthat is points,wherethe setsX andXC canbe
observed.All the othercellsC � x areendowed with
polytopeswhich are the translatesP1 � x �
	
	
	�� Pm � x
wherex �2
 3.

Theadjacencysystembasedonthesetof polytopes3 �4� P1 �
	
	
	�� Pm
� is definedas5 � 3 �6� 37

k# 0

� k � 3 � (3)

with � k � 3 ��� 7
x ,.- 3

m7
i # 1

� k � Pi � x�$	
This formal expression means that an adjacency
systemis formedby thepolytopesPi � x andall their
lower-dimensionalfaces.Thus an adjacency system
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is alreadydeterminedby a set
3 �8� P1 �
	
	
	�� Pm

� of
polytopes.

Now we list four systemswhich areof particular
interest.We skip all considerationsof the question
which additional propertiesa reasonableadjacency
systemshouldhave,seeOhseret al. (2002b)for more
details.The verticesof the basiccell C are denoted
by x0 �
	
	
	�� x7 given by x0 � � 0 � 0 � 0� , x1 � � c � 0 � 0� ,
x2 � � 0 � c � 0� , x3 � � c � c � 0� , x4 � � 0 � 0 � c� , x5 � � c � 0 � c� ,
x6 � � 0 � c � c� , andx7 � � c � c � c� .
(i) For the 6-adjacency (well known as the 6-

neighbourhoodin 3d imageanalysis):
3

6 �"� C̄ � .
(ii) For the14.1-adjacency:

3
149 1 �:� P1 �
	
	
	�� P6

� with
thesixcongruenttetrahedrawhichareconvex hulls
of verticesof C:

P1 � conv � � x0 � x1 � x3 � x7
� �$�

P2 � conv � � x0 � x1 � x5 � x7
� �$�

P3 � conv � � x0 � x2 � x3 � x7
� �$�

P4 � conv � � x0 � x2 � x6 � x7
� �$�

P5 � conv � � x0 � x4 � x5 � x7
� �$�

P6 � conv � � x0 � x4 � x6 � x7
� �$�

seeFig. 2a.

(iii) For the14.2-adjacency:
3

149 2 �"� P1 �
	
	
	�� P6
� with

thesix tetrahedra

P1 � conv � � x0 � x1 � x3 � x5
� �$�

P2 � conv � � x0 � x2 � x3 � x7
� �$�

P3 � conv � � x0 � x2 � x4 � x7
� �$�

P4 � conv � � x0 � x3 � x5 � x7
� �$�

P5 � conv � � x0 � x4 � x5 � x7
� �$�

P6 � conv � � x2 � x4 � x6 � x7
� �$�

which tessellatetheunit cell asshown in Fig. 2b.

(iv) For the 26-adjacency (correspondingto the
26-neighbourhood):

3
26 �;� conv �=< � : < 0� x0 �
	
	
	�� x7

�>� � i.e. the systemof the convex hulls
of all subsetsof thesetof verticesof C.

a)

b)

Fig. 2. Thetessellationof theunit cell defining(a) the
14.1and(b) the14.2neighbourhood.

For short,we will write
5

6 insteadof
5 � 3

6 � , and
analogouslyfor the otheradjacencies.For a givenset3

theadjacency system
5 � 3 � providestheelements

(‘bricks’) for discretisation.The discretisation of X
with respectto theadjacency

5 � 3 � is definedas5 � 3 �@? X �"� F � 5 � 3 � : � 0 � F � 0 X � � (4)

i.e. a ‘brick’ F of theadjacency systembelongsto the
discretisationof X if andonly if all the verticesof F
(andnotnecessarilythewholesetF) belongto X.

APPROXIMATION OF THE EULER
NUMBER

Our approach to the definition of adjacency
systems(insteadof theneighbourhoodgraphsusedin
imageanalysis)andof thecorrespondingdiscretisation
of setsis suitedto theapplicationof theEuler-Poincaŕe
formula(1) to polygonalsets.TheEulernumberχn � X �
can be approximatedby the Euler number of the
discretisation

χ̃n � 5 � 3 �@? X �A� n

∑
k# 0

� � 1� k# � � k � 3 �@? X �B� (5)

seealso(Jernotetal., 2001,(4)).

For several considerationsit is useful to have a
‘local version’ of this approximationbasedon the
singlecellsC � x, x �C
 n. In orderto ensurethateachk-
faceis countedonly once,wehaveto applysomekind
of edgecorrection.We chooseweightingeachk-face
with 1

m. Here m is the numberof closedlattice cells
containingthek-face.Formally, for DFE k let � kG

0 ? X
bethesetof all k-facesF �H� k � 3 �@? X with:

(i) Thereis an D -faceFG �I� GB� C � suchthatF 0 FG and

(ii) thereis no j-faceFj �H� j � C � , j JKD , Fj L� F such
thatF 0 Fj .

Then(5) canberewrittenas

χ̃n � 5 � 3 �@? X �&� ∑
x ,M- n

n

∑
k# 0

� � 1� k n

∑GN# k

2GO n# � � kG
0 ? X x �M�

(6)

with X x � X � x, the translationof X by � x. For the
3d cuboidallattice the interpretationof theweightsis
asfollows: All vertices� 0 P 0

0
? X getweight1Q 8. The

edges� 1 P 1
0
? X (edgesof the cubes),� 1 P 2

0
? X (face

diagonals),and � 1 P 3
0
? X (spatialdiagonal)get 1Q 4,

1Q 2,and1,respectively.Thefaces� 2 P 2
0
? X and� 2 P 3

0
?

X areequippedwith 1Q 2 and1, respectively, andall
cells � 3 P 3

0
? X with 1. The formula can be proven

rigorously with the help of the inclusion-exclusion
principle(i.e. theadditivity of theEulernumber).

Eq. (6) caneasilybe implemented.For detailsof
thealgorithmseeOhseretal. (2002b).
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CONSISTENCY

It is a usual requirementin image analysisthat
any adjacency for the ‘object’ X hasto be consistent
with an appropriate‘complementaryadjacency’ used
for the ‘background’ Xc. In 2d image analysisit is
well known that the ‘background’ has to be treated
with the 4-neighbourhoodif the 8-neighbourhoodis
used for the ‘object’, and vice versa in order for
a discreteJordancurve theoremto hold. In 3d, the
6-neighbourhoodis usually combinedwith the 26-
neighbourhoodbut � 6 � 18� is consistentwith adiscrete
Jordansurfacetheorem,too, seee.g.Herman(1992).
Ourcriterionis consistency (2) for theapproximations
of theEulernumberin 3d.

Assumethat the adjacency systems
5

and
5

c are
usedfor thediscretisationof X andof Xc, respectively.
Then methodsof approximatingthe corresponding
Euler numberscan be illustrated by the following
scheme:

X R X �S
 3 T��R 5 ? X U 5V�WR χ̃3 � 5 ? X �6X χ3 � X �B	
Xc R Xc �C
 3 T c��R 5

c ? Xc U 5V��R χ̃3 � 5
c ? Xc ��X χ3 � Xc �B	

The pair � 5 � 5 c � of adjacency systems is called
complementaryif for all boundedsetsX �Y� 3

(i) F � Fc � /0 for all F � 5 ? X andFc � 5 c ? Xc and

(ii) χ̃3 � 5 ? X �Z� χ̃3 � 5
c ? Xc � .

An adjacency system
5 � 3 � is said to be self-

complementaryif

χ̃3 [ 5 � 3 �@? Xc \ � χ̃3 [ 5 � 3 �@? X \
for all X. Self-complementarityimplies that ‘object’
and ‘background’ are discretisedwith one and the
same method. As it has been shown in Ohser
et al. (2002b) the following pairs are pairs of
complementaryadjacency systems:� 5

6 � 5 26 �B� � 5
149 1 � 5 149 1 �B� � 5

149 2 � 5 149 2 �B� � 5
26 � 5 6 �B	

In Ohseret al. (2002b)sufficient conditionshave
beengivenfor asetX whichguaranteethatχ̃3 � 5 � 3 �]?
X �A� χ3 � X � , i.e. that the discretisedsethasthe same
Euler number as the original set. Theseconditions
imply that X has to be morphologically open and
closed (see Serra (1982) for these concepts)with
respectto the segmentsoccurring in the adjacency
systemsused.

Complementaryadjacency systems of 
 n are
consideredin Ohseretal. (2002b).

ESTIMATION OF THE DENSITY
OF THE EULER NUMBER

Considernow a randomclosedsetΞ in � n which
is assumedto be macroscopicallyhomogeneous(i.e.
stationary).ThedensityχV of theEulernumbercanbe
introducedby

χV � lim
r ^ ∞

_
χn � Ξ � rW �
vol � rW � (7)

wherevol �a` � denotesn-dimensionalvolumeandW a
compactconvex observationwindow with vol � W �b* 0.

Assumenow thata pair � 5 � 5 c � of complementary
adjacency systemsisusedtoestimatetheEulernumber
of a realisationof Ξ and that the ‘local version’ of
thealgorithmaccordingto formula(6) is applied.The
densityof theEulernumbercanbeestimatedfrom the
setΞ observedin W usingc

χV � 1
# � 
 n � W0 � vol � C � �

∑
x ,.- n d W0

n

∑
k# 0

� � 1� k n

∑Ge# k

2GO n# � � kG
0 ? Ξ  x � (8)

whereW0 is thereducedwindow,W0 � W f Č, andČ �� C, thereflectionin 0.Noticethat# � 
 n � W0 � vol � C �gX
vol � W0 � . Furthermore,weremarkthattheestimator

c
χV

maybebiasedbut it is freeof edgeeffects.

The expectation of
c
χV
� Ξ � is, due to the

homogeneityof Ξ,_ c
χV � 1

vol � C � �
n

∑
k# 0

� � 1� k n

∑Ge# k

2Gh n ∑
F ,ji kl

0

k [ � 0 � F ��� Ξc � /0\ 	
From the complementarityof

5
and

5
c, in particular

(ii), andfrom (2) it follows that_ c
χV � � � 1� n% 1

vol � C � �
n

∑
k# 0

� � 1� k n

∑GN# k

2GO n ∑
F ,li kl

0 m c k [ � 0 � F ��� Ξ � /0\ (9)

wherethe � kG
0 P c aredefinedanalogouslyto � kG

0 but with
respectto

5
c.

As the studyof sandstoneimagesin Ohseret al.
(2002b)shows, thereare relevant applicationswhere
the structureis so tiny, comparedto the resolution
of the discretisedimage, that the approximationof
the Euler number does not provide the true value
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andconsiderablydependsonthechosendiscretisation.
Therefore,it is importantto assessthe estimatorsare
basedon differentadjacency systems.One important
criterionof quality is thesystematicerror(bias).Until
now, there are no results concerningthe error for
arbitraryrandomsets.

BOOLEAN MODELS

For the specialcaseof a Booleanmodel,explicit
formulasandnumericalvaluescanbe derived,which
describethe systematicerror of the estimatorsof the
Euler numberwith respectto the chosenadjacency.
SerraSerra(1982) studiedthe asymptoticbehaviour
of the bias for the (8,4)-adjacency andthe hexagonal
grid in two dimensionsandfor the pair (26,6) in 3d.
Using Serra’s ideas,we comparethe (14.1,14.1)-and
(14.2,14.2)-with the (26,6)-andthe (6,26)-adjacency
systems.

Homogeneous Boolean models in n n

Let Φ �o� x1 � x2 �
	
	
	 � denote a homogeneous
Poissonpoint field in � n with point density λ * 0
(the point field of ‘germs’) andΞ1 � Ξ2 �
	
	
	 a sequence
of independentand identically distributed (i.i.d.)
randomcompactconvex sets(‘grains’ or ‘particles’)
with nonempty interiour and independentof Φ.
The corresponding(macroscopically)homogeneous
Booleanmodelis definedastherandomclosedset

Ξ � ∞7
i # 1

� Ξi � xi �!	
For more detailed definition and explanation see
Matheron (1975), Ohser and Mücklich (2000),
SchneiderandWeil (2000),Serra(1982),Stoyanetal.
(1995).

Notice that with probability one the intersection
of two grains is either empty or has nonempty
interiour, i.e.Eq.(2) canbeappliedand(9) holds.The
probability occuringon the right-handsideof (9) can
be calculatedon the basisof the well known formula
for Booleanmodels(seethebookscitedabove),k � K � Ξ � /0��� exp �>� λ

_
vol � Ξ̌1 p K � � (10)

for all compactK �q� n, where p denotesMinkowski
addition.Thisyields_ c

χV
� Ξ ��� � � 1� n% 1

vol � C � �
n

∑
k# 0

� � 1� k n

∑Ge# k

2GO n ∑
F ,li kl

0 m cexp r�� λ
_

vol [ Ξ̌1 p � 0 � F � \>s 	
(11)

It seemsto be very tediousto perform an exact
calculationof

vol [ Ξ̌1 p � 0 � F � \ � vol

tu 7
x ,li 0 U F V � Ξ1 � x�avw

if F hasmorethantwo vertices,even in the simplest
casethat Ξ1 is a ball with randomdiameter. In order
to makethecalculationfeasible,wefollow SerraSerra
(1982)in usingtheapproximationk [ � 0 � F ��� Ξ � /0\ X k � F � Ξ � /0� for F � 5 c �

(12)

i.e. thesetof vertices� 0 � F � is replacedby its convex
hull, the setF itself. The probabilities

k � F � Ξ � /0�
can be calculatedeasily with the help of the Steiner
formula (seee.g. Serra(1982), Schneiderand Weil
(2000)).The approximation(12) seemsratherrough
atfirst glance.However, wewill seethatat leastin the
caseswe examinedhere,the error inducedby (12) is
negligible. To assessthe overall approximationerror
in (9) wehaveto examine

lim
ĉ 0

1
vol � C ��x k [ � 0 � F �y� Ξ � /0\ � k � F � Ξ � /0�{zW�

(13)

which e.g.doesnot tend to 0 if F is a line segment.
Nevertheless,in the 3d casefor � 26� 6� , � 14	 1 � 14	 1� ,� 14	 2 � 14	 2� , and � 6 � 26� wehave

lim
ĉ 0

1
vol � C � 3

∑
k# 0

� � 1� k 3

∑GN# k

2GO 3 ∑
F ,ji kl

0 m c x k [ � 0 � F ��� Ξ � /0\� k � F � Ξ � /0�az&� 0 	
(14)

The proof consists of three steps. First, we split
the contribution to the approximationerror of each
element(edge,face or polyhedron)of an adjacency
into a part due to its edgesand a ‘true’ facial part.
Second,observe that only the linear terms in the
seriesexpansionof (13)have to betakeninto account.
Finally, due to the specialpropertiesof tessellations,
the individual contributions cancel when plugged
into the alternatingsum. See (Ohser et al., 2002a,
AppendixB) for thedetailedproof.
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The 3d case

Thereareexplicit formulasfor the densityof the
Euler numberof the Booleanmodel first published
in Miles (1976).However, it shouldbe notedthat in
particularfor theisotropic3d case,theformulasgiven
in the literaturediffer (dueto errorsin calculation).In
(SchneiderandWeil, 2000,Korollar 5.4.5),onefinds
for 3dBooleanmodels

χV � e λV̄ | λ � λ 2

4π
M̄S̄ � πλ 3

384
S̄3 } 	 (15)

In this formulaV̄ � S̄ andM̄ denotethemeanvalueof
the volume,of thesurfacearea,andof the integral of
themeancurvature,respectively, of thetypicalparticle
Ξ1. For the particular casewhere the ‘particles’ are
ballsof constantdiameterd, Ξi � Bd, weobtain

χV � e λV x λ � u2λ 2V � u3λ 3V2 z (16)

with

u2 � 3 � u3 � 3π2

32
� V � π

6
d3 	

The particularcaseof a 3d Booleanmodel with
balls of constantdiameteris studiednow in detail.
Explicit but ratherlong formulasfor the expectation_ c

χV basedon the approximation(12) are given in
(Ohseret al., 2002a,Appendix A.3). As it is shown
there,

_ c
χV can be expressedin termsof the volume

densityVV of theBooleanmodelandtheratio β of the
diameterandthelatticespacing,_ c

χV X f � VV � β �&� VV � 1 � e λV � β � d
c
	

We usethesymbol X to indicatethat thecomputation
of f � VV � β � is basedon theapproximation(12).These
calculationsallow a comparisonof thefour estimators
(corresponding to the four pairs of adjacencies
consideredhere) with respect to the approximate
systematicerror ~ f � VV � β �!� χV ~@X�~ _ cχV � χV ~ . The
graphin Fig. 3 showsin whichregionof theparameter
spacewhichof thefour estimatorsbehavesbest.

V
V

1
β

0 10.3 0.5 0.7 0.9

0.5

0.1

0.05

0.01

0.005

0.002

1.0

Fig. 3. Bestestimators of χV for the Booleanmodels
with balls of fixed diameters d and varying volume
density VV . This graph shows the regions of the
parameterspace � � VV � 1Q β � : 0 J VV J 1 � 0 	 002 J
1Q β � 1 � wheretheestimatorsof χV havethesmallest
bias; red for (6,26), green for (14.4,14.1),blue for
(14.2,14.2), and yellow for (26,6). In the shaded
regions,the relativebias ~ _ cχV Q χV � 1 ~ is larger than
20% if

_ c
χV is approximatedusing(17).

Theapproximation(12) alsoallows to considerof
the limit of thesystematicerror for the latticespacing
c R 0. Taylorexpansionof f � VV � d Q c� for c provides_ c

χV X e λV x λ � � u1β � u2 � λ 2V � u3λ 3V2 z�� o � c3 �
c3

(17)

wherenumericalvaluesfor thecoefficientsu1, u2, and
u3 aregivenin Table1. Noticethattheright-handside
of (17) is of a similar structureas the one of (16).
Detailson the derivation of (17) aswell asanalytical
expressionsfor thecoefficientscanbefoundin (Ohser
et al., 2002a,AppendixA). Furthermore,we remark
that the result for (26,6)coincideswith that of Serra,
see(Serra,1982, p. 557), up to a differencein the
coefficientu2.

Table1. Numericalvaluesof thecoefficientsu1, u2, andu3 for Eqs.(16)and(17).

Equation adjacency u1 u2 u3
(16) – – 3 0.925277 	
	
	
(17) � 26� 6� 0 4.5 1.767147 	
	
	
(17) � 14	 1 � 14	 1� 0.023515 	
	
	 3.942939 	
	
	 1.444278 	
	
	
(17) � 14	 2 � 14	 2� 0.062098 	
	
	 4.809625 	
	
	 1.782345 	
	
	
(17) � 6 � 26� 0.007718 	
	
	 3.284248 	
	
	 1.068663 	
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The limits of
_ c

χV as c R 0 are surprising.It is
easyto seethatfor u1 * 0 theright-handsideof (17) is
divergent.More precisely, for theadjacency (26,6)the
limit of thebiasof theestimator

c
χV is

lim
ĉ 0 x _ cχV � χV z&� e λV x � v2λ 2V � v3λ 3V2 z (18)

wherev2 andv3 canbecomputedfrom thevaluesgiven
in Table1, v2 � 3

2, v3 � 0 	 841870 	
	
	 This meansthat
thefor (26,6)theestimatorof χV is notasymptotically
unbiased.For (14.1,14.1),(14.2,14.2),and (6,26) we
evengeta worseresult

lim
ĉ 0 x _ cχV � χV zZ��� ∞ 	 (19)

Theconsiderationsat theendof 1.6.1show that these
resultsarenotaffectedby theapproximation(12).

THE CONNECTIVITY OF THE
PORE SPACE OF AAC

As an applicationwe considerthe densityof the
Euler numberof the porespaceof autoclavedaerated
concrete(AAC). Thedataof thetwo specimensshown
in Fig. 1 are given as 3d imagesobtainedby X-
ray microtomography(XCT). Theporespaceof these
microstructurescanbemodelledasa macroscopically
homogeneousrandomsetΞ.

Table2 shows thatexperimentalvaluesfor χV can
dependhighly on the chosenadjacency. Differences
in the measurementvaluesare a consequenceof the
tiny parts(comparedto the resolutionof the imaging
equipment)of the microstructures.This meansthat,
e.g.,thereoccurpairsof adjacentlatticepointswhich
both belong to the complement Ξc but they are
separatedby a small connectionof solid matterΞ in
between.This propertycanbe formally expressedas
morphologicalnon-regularity of the setΞ, seeOhser
et al. (2002b).

In practicalapplications,theEulernumbershould
be measuredwith respect to several adjacencies.
Then the differencesbetweenthe resultsprovide an
impressionof thebiasof themeasurements.

DISCUSSION

Thegeneralapproachto thediscretisationof a set
X �/� 3, whenobservationson a lattice 
 3 aregiven,
is basedon theconstructionof apolyhedronin eachof
the lattice cells. Intuitive argumentssuggest,that the
approximationis improved, if the elementsusedfor
this constructionare smallerpartsof the cells. Thus
one can expect a betteradaptationof the discretised
set to the original one,if (as it is donein (14.1,14.1)
or (14.2,14.2),respectively) tetrahedraand triangles
are used as elements,rather than the whole cells
and faces.Moreover, the bestfit of the discretisation
of the complementaryset Xc seemsto be provided
by (6,26) where in eachcell the convex hull of the
complementarysetis used.Thiswasamainmotivation
(additionalto self-consistency) for us to introducethe
new 14-neighbourhoodsin Ohseret al. (2002b).

This intuition is supportedby considerationsin
two dimensions:There the systematicerror when
estimatingthe Euler numberof the complementof
a Booleanmodel (with discs of constantradius) is
reducedif the 6-neighbourhoodis used insteadof
the4-neighbourhoodof thecomplementaryset.(Serra
(Serra,1982, pp. 493/494)had similar resultswhen
hecomparedthe4-neighbourhoodwith thehexagonal
grid.) Thus the asymptoticresultspresentedin (18)
and (19) are quite surprisingfrom an intuitive point
of view: The rather‘rough’ discretisationwith the 6-
neighbourhood(of thecomplementaryset)is theonly
oneof the consideredadjacencieswhich providesan
asymptoticallyfinite systematicerror. Theotherthree
adjacenciesleadto largerandlargererrorsif thelattice
constantc decreasesto zero.Nevertheless,for realistic
lateralresolution(c � d Q 10 	
	
	 d Q 5, i.e. about5 to 10
pixels per diameter),the useof 14.1or 14.2canlead
to betterresultsthanthatof theotheradjacencies,see
Fig. 3.

Table2. Experimentaldata for the solid matterof AAC specimens,estimatesof the volumedensityVV and the
densityof theEuler numberχV w.r.t. four pairsof complementaryadjacencysystems.

AAC specimen
c
VV

c
χV

)
mm 3 �

(porespace) [%] � 5
6 � 5 26 � � 5

149 1 � 5 149 1 � � 5
149 2 � 5 149 2 � � 5

26 � 5 6 �
s171b,Fig. 1a 59 4.58 -0.17 -2.32 -4.57

s177b,Fig. 1b 86 -58.13 -58.36 -63.83 -59.11
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Our resultsshedsome light on the structureof
the complementof a Boolean model in � 3. This
structure is complicated,tiny, and far from being
morphologically regular w.r.t. the lattice cell, see
Ohseret al. (2002b). The presentstudy shows that
for this type of set there can occur unexpected
effects when the Euler number is estimated.The
‘rough’ 6-neighbourhoodmissesa lot of the features
of the structure. The more sensitive 14- and 26-
neighbourhoodsmiss less. However, this can still
worsentheestimatorof theEulernumber. Fig.3 shows
that it is not possibleto chooseanoptimaladjacency.
Even for small rangesfor the parametersall four
adjacenciescan occur as the optimal one.Moreover,
evenwhentheoptimaladjacency is used,theerrorcan
beconsiderable.Nevertheless,noticethatformula(17)
canbeunderstoodasa ‘discreteadaptation’of Miles’
formula(15) or (16), respectively, andthusit links the
estimatorχ̂V with othercharacteristicsof theBoolean
model.
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