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ABSTRACT

In this paper, estimationof fibre orientationis studiedfor fibre systemsobservableas a blurred greyscale
image.Theestimationmethodis basedonscaledvariogramsobservedalongasetof samplinglinesin different
directions.Theparametersof theorientationdistributionareobtainednumerically. Simulateddataareusedto
studythestatisticalpropertiesof themethod.
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INTRODUCTION

Fibre orientationis one of the importantquality
factors of fibrous materials affecting the physical
propertiesof thematerial.Our objective is to estimate
the orientation distribution from digital images of
papersampleswherethe fibre structureis a blur and
not visible. The fibres are describedas a Boolean
model of ‘thick’ fibres, cf. Matheron(1972), Mecke
andStoyan(1980)andMolchanov andStoyan(1994),
and the orientation distribution is modelled using
the rose of directions of a fibre process(Mecke
and Stoyan, 1980). The observed digital image is
either binary or multicoloured. In the latter case,
a digitized dead leaves model, cf. Jeulin (1989),
possiblywith additionalblurring, is usedto describe
the image. The stereologicalestimationof the rose
of directions is well-known when the counts of
intersectionsbetweenthe fibre systemand sampling
linesin differentdirectionscanbeobserved,cf. Mecke
and Stoyan (1980). In our case instead, the data
consist of scaledvariogramsof grey valueson the
linesobservedfrom thedigital imagewithoutknowing
the intersectioncounts.The stereologicalestimation
method has been extended to the case of digital
greyscale image data in Kärkkäinenet al. (2001b).
FollowingJeulin(2000)andKärkkäinenetal. (2001a),
anapproximativeproportionalitybetweentheexpected
counts of intersectionsand scaled variogramshas
beenusedin the estimationproceduretogetherwith
a digitization correction. Assuming a parametric
rose of directionsthis leadsto nonlinearestimation
equationsandtheparametersareobtainednumerically.
In order to further enlarge the applicability of this
approach,especially for strongly anisotropic fibre
processes,we suggesthere an improvement to the
proportionalitymodel.This approachis appliedto an

image from a paper sampleand simulatedimages.
An alternative approach to the estimation of the
orientation distribution from greyscale images can
be found in Serra(1982). In the literature of paper
manufacturing,the determinationof fibre orientation
is studied,e.g. in ForgacsandStrelis(1963),Paakkari
et al. (1984), Hutten (1994), and in Erkkilä et al.
(1998) wherethe methodbasedon greyscaleimages
is considered.

THE IMAGE MODEL

Fig. 1 (lower right) shows a digital video camera
imageof a layer extractedfrom a papersample,cf.
Erkkilä et al. (1998). The layer has been obtained
from separationby a tape stripping technique.The
underlyingfibre systemis degradeddueto thickness,
overlappingandopticalpropertiesof fibres,reflection
of light and non-fibrousmaterialsin the sampleand
alsodueto digitization.

We model the fibre systemby a Booleanmodel
(Matheron,1972)

Φ ��� ∞
n� 1

�
xn � Γn ��� (1)

where 	 xn 
 is a stationary Poisson point process
with intensity λ and 	 Γn 
 an i.i.d sequenceof line
segmentswith random length l (mean l̄ ) and with
orientationdistributiongivenby thedensity f� of rose
of directions � . Furthermore, 	 Γn 
 is independent
of 	 xn 
 . Then, the intensity of Φ is LA

� λ l̄ . In
papertechnology, f� is often modelledby an elliptic
distribution (ForgacsandStrelis,1963)

f� � α ;τ � κ � � c

1 � κ2cos2

�
α � τ � � 0 � α � π �

(2)
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where c is the normalizing constant,the preferred
direction of fibres τ ��� 0 � π � is orthogonal to the
machinedirectionandthe strengthof anisotropy κ ��
0 � 1� describesdeviationfrom thecircularmodel(κ �

0).A simulatedrealizationfrom thismodelis shown in
theupperleft imageof Fig. 1.

In practice,we observe a randomfield 	 Z � x� �
h
�
x;Φ ��� x ��� 2 
 , where h is a complex unknown

degradationfunction. In the simplestcase,fibres are
allowed to have thicknessleadingto 	 Z � x� � 1Ξ

�
x� 


with

Ξ ��� ∞
n� 1

�
xn � Ξn ��� (3)

HereΞn is a ‘thick’ versionof Γn. In theuppermiddle
of Fig. 1, a realizationof adigitizedversionof Z � 1Ξ
is shown,with Ξn equalto aflat ellipsewith majoraxis
Γn.

In more complex cases,a greyscale image is
observed. We have here used a dead leaves model
with finite time (Jeulin, 1989). Each point of the
greyscaleimagehaseither the backgroundcolour or
the colour of the fibre fallen most recently on that
point. Blur has been modelled by moving average
filtering. Used iteratively, it approximatesGaussian
filtering (e.g. Glasbey andHorgan,1995).Simulations

areshown in the upperright and lower left imageof
Fig. 1.

THE ESTIMATION METHOD

Theestimationof theorientationdistribution f � is
basedon stereologicaldata.The imageis intersected
by lines in different directionsand the variation of
grey level is observedasascaledvariogramalongeach
line.Theestimationis basedonawell-known formula,
concerningintersectionsof thefibreprocessΦ andthe
samplingline Lβ at an angleβ ��� 0 � π � to the x-axis.
The orientationdistribution is relatedto the intensity
P0

L

�
β � of thepoint processLβ � Φ accordingto

P0
L

�
β � � LA

� π

0 � sin
�
α � β � � f� � α � dα � (4)

cf., e.g. MeckeandStoyan(1980).

In a degradedcasethe intersectionpointsarenot
observable.Insteadof P0

L

�
β � wesuggesttheuseof the

scaledvariogramof grey values

VL

�
d � β � � E �Z � x� � Z

�
y� �

d � (5)

Fig. 1. Simulationfrom four different image modelsand an image of a papersample(lower right). Thesize
of the simulatedimagesis 250 � 200. Upper left is a Booleanfibre modelwith intensityλ � 0 � 014 and fibres
equal to line segmentswith uniform length l in � 20 60! and elliptic orientation distribution with parameters� τ  κ !���� 1 � 603 0 � 888! . Upper middle is the digital image of the corresponding’thick’ fibre modelof ellipses
(3) with 250 � 200pixels. Theminor axisof theellipsesis always1. Upperright is thedigital greyscaleimage
of a realizationof thecorrespondingdeadleavesmodelwith finite time. Thebackgroundhasgrey value50, the
first ‘layer’ of fibres130,thesecond170andthethird 210,respectively. Lowerleft is thedigital greyscaleimage
obtainedbyadditionalblurring, usinga movingaveragefilter of size � 2m " 1 !#�$� 2m " 1 ! , with m � 1, a total of
four times.Thisapproximatesa Gaussianfilter with σ2 � 4 % 3 � m2 " m! . Lowerright is a digital greyscaleimage
of size216 � 200pixels(10.2mm� 9.4mm)froma layer of a papersample. Resolutionis 47 µm.

200



ImageAnal Stereol2001;20:199-202

wherex � y � R2 arepointson Lβ at the distanced �
�&� x � y �&� . In what follows, let the typical segmentand
its thick versionbedenotedby Γ0 andΞ0, respectively,
cf. (1) and(3). Then,undermild regularity conditions
we havefor abinaryrandomfield 	 Z � x� � 1Ξ

�
x� 
 and

smalld, cf. Kärkkäinenet al. (2001a),

VL

�
d � β �(' �

1 � dP0
L

�
β �*) 2� P1

L

�
β �+� (6)

whereP1
L

�
β � is theintensityof Lβ � ∂Ξ. This intensity

is relatedto P0
L

�
β � by (Kärkkäinenet al., 2001a;b;

Molchanov andStoyan,1994)

P1
L

�
β � � exp

� � λEν2

�
Ξ0 �*� 2

Ehβ
�
Ξ0 �

Ehβ
�
Γ0 � P0

L

�
β �,� (7)

where ν2 denotes the two-dimensional Lebesgue
measure.If

Ehβ
�
Ξ0 �

Ehβ
�
Γ0 � ' 1 � (8)

meaningthatthethicknessof fibresis smallcompared
to thelengthof fibres,thenapproximatelyfor smalld

VL

�
d � β �-' ξ

�
1 � dP0

L

�
β �*) 2� P0

L

�
β ��� (9)

whereξ � 2exp
� � λEν2

�
Ξ0 �*� . For sufficiently small

d,
�
1 � dP0

L

�
β �*) 2�.' 1 and thusVL

�
d � β �/' ξP0

L

�
β � .

Theresultscanbeextendedto adeadleavesmodel,cf.
Jeulin(2000).However, notethatξ is notany morethe
sameasin (9) becausethedeadleavesmodelconcerns
multicolouredimages.

In practice,the scaledvariogram(5) is observed
from a digital image 	 z� l � m� : l � m integers} along
a digital line L̄β chosento be a pixel sequenceof 8-
connectedpixels in different directionsβ . When the
pixels

�
l � m�0� � l 1 � m1 � areneighbours,the distanced ��&� � l � m� � � l 1 � m1 � �&� is either1 for horizontalandvertical

neighbours,or 2 2 for the diagonalones.We usethe
estimator

V̂L

�
β � � ∑ 3 l 4m564 3 l 7 4m7 568 L̄β � z� l � m� � z

�
l 1 � m1 � �

∑ 3 l 4m564 3 l 7 4m7 568 L̄β �&� � l � m� � �
l 1 � m1 � �&� � (10)

cf. Kärkkäinenetal. (2001a;b).

We consider 8 directions. The main directions
β1

� 0 � β3
� π ) 4 � 0 � 785� β5

� π ) 2 � 1 � 571� β7
�

3π ) 4 � 2 � 356with distancesbetweenneighbourpixels
d1
� 1 � d3

� 2 2 � d5
� 1 � d7

� 2 2, respectively, andthe
intermediatedirectionsβ2

� 0 � 464� β4
� 1 � 107� β6

�
2 � 034� β8

� 2 � 678.Let usdefine

Fi

�
θ � � � π

0 � sin
�
α � βi � � f � � α ;θ � dα (11)

in all directionswhile

Gi

�
θ � LA � � Fi

�
θ � � 1 � diLAFi

�
θ �9) 2: (12)

holdsfor i � 1 � 3 � 5 � 7 and

Gi

�
θ � LA � � di ; 1

di ; 1 � di < 1
Gi ; 1

�
θ � LA �

� di < 1

di ; 1 � di < 1
Gi < 1

�
θ � LA � (13)

for i � 2 � 4 � 6 � 8. Thenaccordingto Kärkkäinenet al.
(2001a)

EV̂L

�
βi �-' ξLAGi

�
θ � LA � (14)

for i � 1 �=�=�=�9� 8.

In the estimationof the parametersθ � �
τ � κ � ,

using these eight directions, we can eliminate the
unknown ξ and use a least square estimation
procedure.It leadsto numericalminimization of the
sum of weightedsquares,compareto Kärkkäinenet
al. (2001b),

χ̂
�
θ � LA � � 8

∑
i � 2

Wi > V̂L

�
βi � � V̂L

�
β1 � Gi

�
θ � LA �

G1

�
θ � LA �@? 2 � (15)

whereWi
� LiL1 ) � Li � L1 � for i � 2 �=�=�=�*� 8, Li is the

total length of the samplingline in direction βi . In
the ideal situationwhereP0

L

�
β � canbe estimatedthe

formula(Kärkkäinenet al., 2001b)

χ̂
�
θ � � 8

∑
i � 2

Wi > P̂0
L

�
βi � � P̂0

L

�
β1 � Fi

�
θ �

F1

�
θ ��? 2

(16)

shouldbeusedinsteadof (15). Note that in a general
useof theformula(16), thedirectionsandthenumber
of samplinglinescandiffer fromthecollection 	 βi � i �
1 �=�=�=�A� 8 
 .

RESULTS AND PERSPECTIVES

We have estimatedthe orientationparametersof
theelliptic distributionusingdatafrom eachof thefive
imagesshown in Fig.1.For theimageof line segments
(upper left of Fig. 1), the data consistof estimated
point intensitiesP̂0

L

�
βi � . For the binary (0,1)-valued

image,the deadleavessimulation,the blurred image
and the paperimage,the dataare scaledvariograms
V̂Lbin

�
βi � , V̂Ldl

�
βi � , V̂Lblur

�
βi � andV̂Lpaper

�
βi � , respectively,

calculatedfrom (10). The dataareshown in Table1,
togetherwith τ̂ and κ̂ obtainedfrom (16) for point
intensitiesandfrom (15) for scaledvariograms.From
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the paper image in Fig. 1 the estimatedparameters
are

�
τ̂ � κ̂ � � �

1 � 603� 0 � 888� , the samevaluesusedin
simulationof the four other images.In the casesof
simulated data the estimatesobtained from scaled
variogramsshouldbecomparedwith theonesobtained
from theestimatedpoint intensities.Theestimatesare
quite similar except in the blurred casewhere κ̂ is
somewhat smaller. The ratiosV̂Lblur

�
βi �*) V̂Ldl

�
βi � show

a diagonaleffect which partly explainsthedifferences
in theestimates.

We have alsoestimatedthe parameters,usingthe
simplifiedrelation(Kärkkäinenet al., 2001b)

VL

�
d � β �-' ξP0

L

�
β �+� (17)

compared with (9). Quite similar estimateswere
obtained in this example. With more pronounced
anisotropy or largerd it might, however, be important
to usetherefinedrelation(9).
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Table 1. In eight different directionsβi theoretical and estimatedpoint intensitiesP0
L

�
βi � , P̂0

L

�
βi � and scaled

variogramsV̂Lbin

�
βi � , V̂Ldl

�
βi � , V̂Lblur

�
βi � , V̂Lpaper

�
βi � are shownfor thebinary, thedeadleaves,theblurredandthe

paperimageof Fig. 1, respectively. Estimatesof τ andκ arealsoshown.

βi P0
L

�
βi � P̂0

L

�
βi � V̂Lbin

�
βi � V̂Ldl

�
βi � V̂Lblur

�
βi � V̂Lpaper

�
βi �

0.000 0.401 0.419 0.266 38.51 8.072 11.573
0.464 0.388 0.406 0.239 35.04 7.753 10.745
0.785 0.364 0.377 0.223 32.80 7.522 10.163
1.107 0.335 0.346 0.220 32.52 7.298 9.697
1.571 0.311 0.320 0.217 32.07 6.988 9.262
2.034 0.330 0.334 0.217 31.93 7.214 9.599
2.356 0.358 0.359 0.216 31.79 7.378 10.036
2.678 0.384 0.390 0.237 34.64 7.668 10.666
τ̂ 1.603 1.655 1.658 1.671 1.639 1.603
κ̂ 0.887 0.910 0.901 0.876 0.773 0.888
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