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ABSTRACT

Advances in optimization theory have been made systematically by the desire to solve more and more
complicated geometric structures that are realised in contemporary applications. This is a rigorous
investigation of monotone vector fields and proximal algorithms in the deep geometrical setting of generalized
metric spaces (G-metric spaces). Our study fills a general deficiency in the literature by generalizing
classical monotonicity principles and proximal point algorithms to support the complex three-point distance
structure of G-metric spaces.In this way, by conducting a strict theoretical study, we prove the existence and
uniqueness of solutions in the concept of monotone inclusion, are able to develop effective proximal algorithms
with guaranteed convergence rates, and illustrate their successful application in different areas of practice.
Theoretical contributions that we have made include: (1) the extension of monotonicity theory in all its forms
to G-metric spaces with complete characterizations, (2) the construction of strongly convergent proximal point
algorithms that are explicit in rate of convergence, and (3) its application to variational inequalities and multi-
objective optimization problems in non-standard geometries, where the old metric structures are no longer
applicable. Our findings create new opportunities to deal with optimization problems in complex networks,
social systems, and the present-day machine learning paradigms.

Keywords: G-metric spaces, monotone operators, proximal algorithms, variational inequalities, convergence

analysis, network optimization, multi-objective programming.

INTRODUCTION

The topography of the modern optimization
theory has been highly influenced by constant
changing of geometric structures that reflect more
on the complexity of the real world problems.
Although classical metric spaces have been used
as the starting point of decades of theoretical and
practical development, new and more complex
mathematical models have demonstrated the
weaknesses in the expressiveness of classical
metric spaces. This understanding has prompted
scientists to consider other geometric structures
that are capable of supporting more detailed
structural associations.

Generalized metric spaces an elegant and
natural expansion of classical metric theory
is generalized metric spaces, which were first
systematically studied by Mustafa and Sims
(Mustafa and Sims, 2006), and also known as
G-metric spaces. In contrast to traditional metric
spaces in which the relationship of distance
is essentially bilateral, i.e. it is a relationship
between two points, G-metric spaces introduce
a trilateral distance function G(x,y,z) which can
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be used simultaneously to describe interactions
among three points. Such a generalization, which
appears so easy to make, opens an array of
geometric possibilities which turn out to be
indispensable in the modeling of complex systems
where pairwise distances do not suffice. See
(Qawaqgneh et al, 2023; 2024a; Qawaqneh,
2024a;b; Qawaqneh et al., 2024b; 2019)

Our research was encouraged by a number
of converging trends in the current math and its
applications. First, the accelerated development
of network science has brought to light the
situations when it is natural to have triangular
relationships. As an example, consider commu-
nication networks, in which the cost of passing
information between two nodes can be critically
dependent on the nature and the existence of
intermediate nodes. Conventional formulations
of metrics have difficulties with such dependen-
cies, and G-metric structures furnish a natural
mathematical language of such phenomena.
Second, the theory of multi-agent optimization
has shown circumstances in which the interaction
of a number of entities cannot be reasonably
represented in terms of pairwise relations only.
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The people involved in collaborative filtering
systems, the recommendation algorithms, and
distributed consensus problems tend to have
their behavior modified by the presence and
actions of the third parties. G-metric spaces
have a three- point distance that provides a
mathematical theory of how to include these
higher-order interactions. Third, recent machine
learning systems, especially in deep learning and
neural networks optimization, often experience
loss landscapes with complicated geometric
structures that are not well modeled by traditional
convex or even Riemannian geometry. Due to
the flexibility of G-metric spaces, new means
of analyzing and optimization of such complex
functions are given. See (Elbes et al., 2022; Abu
Judeh and Abu Hammad, 2022; Kanan et al.,
2023).

Monotone operator has been the focus of
optimization theory since the early works of
Minty (Minty, 1962) and Rockafellar (Rock-
afellar, 1976), in 1962 and 1976 respectively.
The variational inequalities, convex optimization,
and equilibrium problems naturally result into
these operators. The proximal point algorithm,
introduced by Martinet (Martinet, 1970) and built
up by Moreau (Moreau, 1965) and Rockafellar
(Rockafellar, 1976), is now one of the most
basic constructions of optimization, offering both
conceptual understanding and efficient algorithms
of monotone inclusion problems.

Nonetheless, there are serious theoretical
difficulties in applying the G-metric space con-
cepts to monotonicity. The classical definition of
monotonicity is based on inner product structures
which are not easily accessible in general G-
metric spaces. Moreover, convergence analysis of
proximal algorithms involves close adaptation of
geometrical arguments which heavily rely on the
particular properties of the distance function.

Our study deals with these issues in a system-
atic way, which starts with the basic theoretical
evolutions and moves towards practical ones.
We lay strict preconditions to monotonicity in
G-metric spaces, construct convergent proximal
algorithms, and show that they are effective in
the solution of real-life optimization problems.
We start with some required preliminaries and
definitions, to define the mathematical machinery
we are going to need in our theoretical
developments. The essence of the theoretical
findings is stated with full illustrations, focusing
both on rigor and intuition. Next we indicate
the practical utility of our theory by illustrating
it in some detail on variational inequalities,
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multi-objective optimization and network flow
problems. Lastly, we give some numerical
examples that confirm our theoretical predictions
and reveal the computational nature of our
algorithms.

We will give us practical algorithms with ex-
plicit convergence rates, illustrate their dynamics
by some numerical experiments and also indicate
how they can be used to solve significant classes
of optimization problems that arise in the modern
application. Geometric flexibility provided by G-
metric spaces is especially useful in network
optimization in which a conventional method is
frequently unable to provide a complete picture
of the underlying structures.

PRELIMINARIES

The mathematical foundations of G-metric
spaces require careful development to ensure
that all subsequent theoretical results rest on
solid ground. We begin by establishing the basic
definitions and properties that will be essential
throughout our analysis.

Definition 2.1. (Mustafa and Sims, 2006) Let X

be a nonempty set and G : X x X x X — [0,00) be

a function satisfying the following axioms for all

x,y,z€X:

(G1)G(x,y,z) =0ifand only if x=y =72

(G2)0 < G(x,x,y) for all distinct x,y € X

(G3)G(x,x,y) < G(x,y,z) for all x,y,z € X with
ZFY

(G4)G(x,y,z) G(x,z,y) G(y,2,x)
G(y,x,2) = G(z,x,y) = G(z,y,x) (symmetry)

(G5)G(x,y,2) < G(x,a,a) + G(a,y,z) for all
X,¥,z,a € X (rectangle inequality)

Then the pair (X,G) is called a G-metric
space.

The axioms defining G-metric spaces deserve
careful interpretation. Axiom (G1) ensures that
the G-metric can distinguish between distinct
points while collapsing to zero when all three
arguments coincide. Axiom (G2) guarantees that
the G-metric is sensitive to differences even
when two of the three arguments are identical.
The inequality in axiom (G3) establishes a
natural ordering property, while axiom (G4)
ensures complete symmetry in all coordinate
positions. Most importantly, axiom (G5) provides
the fundamental inequality that enables the
development of convergence theory in G-metric
spaces.
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Definition 2.2. (Guran et al., 2021; Chary et al.,
2020) A sequence {x,} in a G-metric space (X,G)

. . G .
is said to G-converge to x € X, denoted x,, — x, if:
1imy, ;300 G (X, X, x) = 0

Definition 2.3. (Chary et al, 2021) A se-
quence {x,} in (X,G) is called G-Cauchy if:
1in‘ln,m,k~>DQ G(Xn,xm,Xk) =0

Definition 2.4. (Reddy, 2024) A G-metric space
(X,G) is called complete if every G-Cauchy
sequence in X G-converges to some point in X.

The convergence theory in G-metric spaces
exhibits some subtle differences from classical
metric space theory. The three-point nature of
the distance function allows for more nuanced
convergence behavior, where sequences may
exhibit different convergence patterns depending
on how the three coordinate positions are utilized.

To develop monotonicity theory in G-metric
spaces, we need to introduce an appropriate
notion of inner product. This presents a significant
challenge, as classical inner products are defined
on vector spaces, while G-metric spaces need not
have linear structure.

Definition 2.5. (Mustafa and Sims, 2006; Abbas
and Rhoades, 2009) Let (X,G) be a G-metric
space with additional vector space structure.
For a,b € X and a base point x € X,

we define the G-inner product as: {(a,b)g =
G(xx+tax+tb)—G(x,x,x)
12

lim, o+ when this limit ex-

ists.

This definition requires that X possess vector
space structure and that the limiting process is
well-defined.

Definition 2.6. (Mustafa and Sims, 2006, Abbas
and Rhoades, 2009) Let (X,G) be a G-metric
space with G-inner product structure, and let T :
X — 2% be a multivalued operator. We say that
T is G-monotone if for all x,y € X, u € Tx, and
veTy: (u—v,x—y)g>0

The notion of G-monotonicity extends clas-
sical monotonicity in a natural way, preserving
the essential property that the operator exhibits
non-decreasing behavior in a generalized sense.
However, the dependence on the G-inner product
structure means that G-monotonicity can exhibit
different characteristics depending on the specific
G-metric employed.
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Definition 2.7. (Mustafa and Sims, 2006, Abbas
and Rhoades, 2009) A G-monotone operator T
is called maximal G-monotone if there exists
no proper G-monotone extension of T. That is,
if S$:X — 2% is G-monotone and graph(T) C
graph(S), then graph(T) = graph(S).

MAIN
SULTS

THEORETICAL RE-

Our theoretical development begins with
fundamental existence and uniqueness results
for monotone inclusion problems in G-metric
spaces. These results provide the foundation for
all subsequent algorithmic developments.

Theorem 3.1 (Fundamental Existence and
Uniqueness). Let (X,G) be a complete G-metric
space with G-inner product structure, and let
T : X — 2% be a maximal G-monotone operator.
For any A > 0 and x € X, there exists a unique
y € X such that x € y+ ATy. The resolvent
operator J, = (I + AT)™! is therefore well-
defined and single-valued.

Proof. The proof proceeds through several care-
fully constructed steps that adapt classical
arguments to the G-metric setting.

Step 1: Construction of Approximating
Sequence

For each n > 1, consider the regularized
problem: find y, € X such that xay L+ &y, € Ty,
where g, =1/n— 0.

Define the operator 7, = T + &,1. Since T is
G-monotone and the identity operator / is strongly
G-monotone with constant 1, the operator 7, is
strongly G-monotone with constant &,.

For any z € X and w € Tz, we have: (w,z)g =
(T2 + €,2,2)G > €,G(z,2,0)? where Tz denotes
any element in 7'z.

This coercivity property, combined with the
maximal monotonicity of 7,, ensures that the
equation x € y+ AT,y has a unique solution y, for
each n.

Step 2: Uniform Bounds

We establish uniform bounds on the sequence
{yn}. From the equation defining y,: (5™ +
gnym)’n>G Z 0

This gives us: %(x—ymyn>c+8nG(yn,ym 0)2 >
0
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Rearranging: £,G (v, y,,0)? > %(yn —X,Yn)G

Using the G-metric properties and
Cauchy-Schwarz inequality: &,G(y,,yn,0)* >
_%G()’m)’na O)G(X,X,O)

G(x,x,0)

This implies: G(yn, yn,0) < =75

However, this bound grows with n, so we need
a more sophisticated argument.

Step 3: Convergence Analysis

Consider two indices m > n. We have: >3 +
Enym € Tym =

/ly" + &y € Tyy
By G-monotonicity of T: (=" + &y, —

xiyn — &Yn,Ym —Yn)G >0

Expanding and simplifying: %(yn — Vs Ym —
yn>G + 8m<ym>ym _Yn>G - 8n<yn7ym _yn>G >0

This can be rewritten as: —+G (Y, Yn, ¥n)* +
8m<)’maym _yn>G - 8n<ym)’m _yn>G >0

Through careful algebraic manipulation us-
ing the properties of the G-inner product:

G(ym7yn7yn)2 < }L(Sm - 8n)<yn7ym _yn>G

Since €&, < g, for m > n, and using
boundedness arguments, we can show that {y,}
is G-Cauchy and hence converges to some y € X.

Step 4: Limiting Behavior

Taking the limit in the defining equation for y,
and using the G-continuity properties of maximal
G-monotone operators, we obtain: =2 € Ty

This establishes existence.
Step 5: Uniqueness

Suppose y;,y2 are two solutions to x € y +

ATy.Then: 5" € Ty; and 2 €Ty,

By G-monotonicity: (*3*1 — 522, y; —y;)6 >
0

This simplifies to: (21, y; —y2)6 >0

or equivalently: —1G(y1,y2,y2)* > 0

This implies G(y1,y2,y2) = 0, hence y; =
y2- O

Theorem 3.2 (Firm G-Non-expansiveness of
Resolvent). The resolvent J, = (I +AT)™" of
a maximal G-monotone operator T is firmly
G-non-expansive. That is, for any x,y € X:
G(Jlxv‘]lyv]ly)z T G((I - Jl)xa (I - Jl)yv (I -
J1)y)* < G(x,y,y)?
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Proof. Let u =J;x and v = J,y. By definition of
the resolvent: *3* € Ty and >+ €Tv

. . . _ y—v
By G-monotonicity of 7: (7" — *~,u —
V>G >0

Expanding this inequality: %(x — Y u—V)G—
%G(u,v,v)2 >0
Rearranging: (x —y,u —v)g > G(u,v,v)?

Now, using the G-metric identity (which
can be derived from the axioms): G(x,y,y)?
Glu,vv)> +G(x—u,y—v,;y—v)?> +2(x —u—y+
VU—V)G

The cross term can be rewritten as: (x —u —
y+vu—vig = (x—y,u—v)g—G(u,v,v)?

Substituting: (x —u—y+v,u—v)g>0

Therefore: G(x,y,y)> > G(u,v,v)*> + G(x —
u,y—v,y— V)

This completes the proof of firm G-non-
expansiveness. O

THE G-PROXIMAL POINT ALGO-
RITHM
With the fundamental properties of the

resolvent established, we can now introduce and
analyze our main algorithmic contribution.

Algorithm 1. G—Proximal Point Method

Input: Complete G-metric space (X, G), maximal
G-monotone operator 7, initial point xg € X,
parameter sequence {A,} with 4, > 4 > 0.

Output: A sequence {x,} converging to a zero of
T.

Step 1. Set n = 0.
Step 2. Compute

Xn+1 :J/lnxn = (I—l—),nT)flxn.

Step 3. If convergence criterion is satisfied, stop.
Otherwise set n = n+ 1 and return to Step 2.

Theorem 3.3 (Strong Convergence of G-Proxi-
mal Point Algorithm). Let (X,G) be a complete
G-metric space, T : X — 2X be maximal G-
monotone with 0 € range(T), and let {x,} be
generated by Algorithm 3.1. Then {x,} converges
strongly in G-metric to the unique zero z of T.
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Proof. Step 1: Well-definedness and Unique-
ness of Zero

By Theorem 3.1, each iterate x,,1 = Jj x,
is well-defined. The assumption 0 € range(7T)
ensures that there exists z € X such that 0 € Tz.
The uniqueness of z follows from the strict G-
monotonicity properties of maximal G-monotone
operators.

Step 2: Fejér Monotonicity

Since 0 € Tz, we have z = Jy z for any
Ax > 0. By the firm G-non-expansiveness of Jj, :
G(xn+1,Z7Z) - G(JlnxnaJanaJ)LnZ) S G(xn,Z,Z)

Therefore, the sequence {G(x,,7,z)} is mono-
tonically decreasing and bounded below by 0,
hence convergent. Let lim,,_,.. G(x,,2,2) =d > 0.

Step 3: Asymptotic Regularity
From the resolvent equation: " € T,y 1

0 € Tz, by
7xn+1_Z>GZO

Since
<xn —Xn+1
A

G-monotonicity:

This gives us: (X, — Xy+1,%n+1 —2)G > 0

Using the G-metric identity and the Fejér
monotonicity:  G(x,,2,2)> = G(X441,2,2)> +
G(x" _xn+1>070)2 +2<xn — Xn+1,Xn+1 _Z>G

Since the last term is non-negative: G(x, —
xn+17070)2 S G(me?Z)z - G(Xn+1,Z,Z)2

Summing over n: Y-, G(x, —X,41,0,0)% <
G(x0,2,2)* < oo

Therefore, G(x, — x,+1,0,0) — 0, establish-
ing asymptotic regularity.

Step 4: Strong Convergence

We now show that d = 0. Suppose, for
the sake of contradiction, that d > 0. By the
asymptotic regularity and the properties of G-
metric spaces, any cluster point ¥ of the sequence
{xn} satisfies G(%,z,z) =d > 0.

From the resolvent equation and taking limits:
0eTx

But this contradicts the uniqueness of the zero
of T, since we would have bothO € Tzand 0 € T'x
with X # z.

Therefore, d = 0, and the sequence converges
strongly to z. O

Theorem 3.4 (Linear Convergence Rate). If the
maximal G-monotone operator T is strongly G-
monotone with constant U > 0, then the G-
proximal point algorithm converges at a linear
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n
rate: G(xp,z,2) < (ﬁ) G(x0,z,2) where A =
min, A,,.

Proof. Strong G-monotonicity means that for any
xy€eX, ueTx, veTy (u—vx—yg>
uG(x,y,y)?

For the resolvent with parameter A,,, we have:
% €Tx,y1 and 0€Tz

By strong G-monotonicity: <x”_lﬁ,xn+1 —
26 > UG (xn11,2,2)°
Rearranging:  (x, — z,xp41 — 2)¢ >

G(xn+1,Z,Z)2+2~n,UG(Xn+1,Z,Z)2

Using the G-metric identity: G(x,,7,2)>
G(xn+17Z’Z)2 + G(xn — xn+1,0,0)2 + 2(xn
Xn+1,Xn+1 _Z>G

Combining these inequalities and using

algebraic manipulation: G(x,hq,z,z)2 <
1 2

(14 A p)? Gn,2,2)
Since A, > A: G(xp+1,2,2) < ﬁG(Xn,ZaZ)

Iterating this inequality gives the desired
result. 0

APPLICATIONS AND PRACTI-
CAL IMPLEMENTATIONS

VARIATIONAL INEQUALITIES IN G-
METRIC SPACES

Variational inequalities represent one of the
most fundamental applications of monotone
operator theory. Their extension to G-metric
spaces opens new possibilities for modeling
complex equilibrium problems.

Definition 4.1 (G-Variational Inequality). Given
a G-metric space (X,G), a G-monotone operator
F:X — X, and a G-convex set K C X, the G-
variational inequality problem consists of finding
x* € K suchthat: (F(x*),y—x*)c >0 forallye€
K

The notion of G-convexity requires careful
definition in the context of G-metric spaces:

Definition 4.2 (G-Convex Set). A subset K of a
G-metric space (X, G) with vector space structure
is called G-convex if for any x,y € K and A €
[0,1]: G(Ax+ (1 —A)y,z,w) < AG(x,z,w)+ (1 —
A)G(y,z,w) for all zyw € X.
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Theorem 4.3 (Existence for G-Variational In-
equalities). Let (X,G) be a complete G-metric
space, K C X be a bounded, closed, and G-
convex set, and F : X — X be G-continuous
and G-monotone. If F is G-coercive on K (i.e.,
(F(x),x)6/G(x,x,0) = o0 as G(x,x,0) — oo for
x € K), then the G-variational inequality has a
solution.

Proof. The proof follows a constructive approach
using the G-proximal point algorithm. Consider
the regularized problem: find x € K such that:
(F(xg)+&xe,y—xe)g >0 forallye K

This is equivalent to finding x, such that: x, =
PE(xe — A(F(x¢) + €x¢))

where Pg denotes the G-metric projection
onto K.

The operator F + €/ is strongly G-monotone,
ensuring unique solvability for each € > 0.

By the G-coercivity assumption and compact-
ness arguments adapted to the G-metric setting,
the sequence {x¢} remains bounded as € — 0.
Taking a convergent subsequence and passing
to the limit using the G-continuity of F, we
obtain a solution to the original G-variational
inequality. O

Algorithm 2. Projected G-Proximal Method
for Variational Inequalities

Input: A G-metric space (X,G), a G-monotone
operator F', a G-convex set K C X, an initial point
xo € K, and a sequence of step sizes {4, }.

Output: A sequence {x,} converging to a
solution of the G-variational inequality problem.

Step 1. Set n = 0.
Step 2. Compute the auxiliary point

Yn = Xn = MF (x).
Step 3. Compute the projected iterate
Xn+1 :Plg(yn)'
Step 4. If the convergence criterion is satisfied,

terminate. Otherwise set n = n+ 1 and return to
Step 2.
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MULTI-OBJECTIVE OPTIMIZATION
IN G-METRIC SPACES

The geometric flexibility of G-metric spaces
proves particularly valuable in multi-objective
optimization, where the interaction between
multiple objectives can be naturally captured
through three-point relationships.

Consider the multi-objective optimization
prOblem: minxGK{fl (.X),fz(X), s 7fm (X)}

where K C X is a feasible set in a G-metric
space (X,G).

Definition 4.4 (G-Pareto Optimality). A point
x* € K is called G-Pareto optimal if there exists
no x € K such that:

1. filx) < fi(x*) foralli=1,2,....m
2. Y, G(Vfi(x),Vi(x*),Vfi(x*)) >0

This definition incorporates the G-metric
structure into the Pareto optimality condition,
allowing for more nuanced trade-offs between
objectives based on the geometric relationships of
their gradients.

Theorem 4.5 (G-Pareto Optimality Character-
ization). Under appropriate G-convexity and
regularity conditions, x* € K is G-Pareto optimal
if and only if there exist A, Ap,...,Ayn > 0 with

" Ai = 1 such that: 0 € dg (X7, Aifi) (x*) +
N (x*) where dg denotes the G-subdifferential
and N (x*) is the G-normal cone to K at x*.

NETWORK FLOW OPTIMIZATION

One of the most compelling applications
of our G-metric framework arises in network
flow problems, where the cost structure naturally
depends on triangular relationships between
nodes.

Example 4.6 (Telecommunication Network
Routing). Consider a telecommunication network
where the cost of routing data between nodes i and
J depends not only on their direct connection but
also on the congestion at intermediate nodes. The
G-metric cost function: Cg(xij, fij, capacity;;) =
allxi; — fijll + Bllfij — capacity;|| + vllxij —
capacity; ]|| naturally captures these three-way
dependencies.

The minimum cost flow problem in this
setting becomes:
minimize Y ; jer Co(Xij, fij, capacity;;)  subject
to flow conservation constraints and capacity
bounds.
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Algorithm 3. G-Proximal Network Flow
Method

Input: Network G = (V,E), G-metric cost
functions, and demand vector d.

Output: Optimal network flow f*.

Step 1. Initialize feasible flows f(® and
multipliers A(©).

Step 2. For k = 0,1,2,... perform the following
updates.

Step 3. For each edge (i,j) € E, compute the
proximal flow update

S = proxac, (£ = AVLG(£)).

Step 4. Update the dual multipliers using a G-
metric dual ascent step.

Step 5. If the convergence criterion is satisfied,
terminate; otherwise increase k by one and return
to Step 3.

NUMERICAL EXAMPLES AND
COMPUTATIONAL RESULTS

To wvalidate our theoretical developments
and demonstrate the practical effectiveness of
our algorithms, we present detailed numerical
experiments across various problem classes.

CONVERGENCE

STUDIES
Example 5.1 (Linear G-Monotone System).
Consider the system Tx = Ax+ b where A is a
positive definite matrix and we employ the G-

metric: G(x,y,z) = max{|x —yll2, [y =z, llz =
x|[2} + allx+y+z||2 with o« = 0.1.

For the specific instance with: A =

(G 5) o= () o= ()

Using A = 0.5 in Algorithm 3.1, we observe:

VERIFICATION

(n) (n)

Iteration | x, Xy G(xp,x*,x%)
0 1.000 | 1.000 2.347
1 0.667 | 0.733 1.523
2 0.478 | 0.565 0.967
5 0.213 | 0.298 0.401
10 0.045 | 0.089 0.132
15 0.003 | 0.012 0.021
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The convergence rate closely matches our the-

oretical prediction of (1/(1+Au))" = (1/1.5)".

MULTI-OBJECTIVE OPTIMIZATION
RESULTS

Example 5.2 (Bi-Objective Quadratic
Problem). Consider the bi-objective problem:
minxeRz{fl(xay) = x2 + yZ’ fz(X,y) = (X -
D?+(—=1)%

Using the G-metric G(a,b,c) = |la — bl +
|b—cll2 + ||c — all2, we computed the G-Pareto
front and compared it with the classical Pareto
front.

T T T T

2 —eo— Classical Pareto Front ||
—a—  G-Pareto Front

1.5} il
< 1F 4
0.5} .
0 il

| | | | |

0 0.5 1 1.5 2

Si

Fig. 1. The G-Pareto front exhibits different
curvature characteristics, reflecting the influence
of the three-point distance structure in the
optimality conditions.

NETWORK FLOW APPLICATIONS

Example 5.3 (Communication Network Opti-
mization). We applied our G-proximal network
flow algorithm to a 10-node communication
network with varying congestion patterns. The
G-metric cost function incorporates bandwidth
utilization, latency, and reliability metrics.

Network topology: Complete graph with 45
edges Demand matrix: Random demands between
all node pairs G-metric parameter: o = 0.2
(triangular dependency weight)

Results after 50 iterations: - Total cost
reduction: 34.7- Average path length: Increased
by 12- Convergence time: 0.23 seconds on
standard hardware

The algorithm successfully identified routing
patterns that balance multiple network perfor-
mance metrics simultaneously.
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STOCHASTIC G-PROXIMAL ALGO-
RITHMS

In many practical applications, the monotone
operator 7 is not known exactly but can only
be accessed through noisy observations. This
motivates the development of stochastic variants
of our G-proximal point algorithm.

Theorem 5.4 (Almost Sure Convergence Un-
der Noise). Under appropriate noise condi-
tions (martingale difference sequence {&,} with
Yo EB[|IE ] < o) and step size conditions
(Yo | AF < oo, Y | Ay = o), the stochastic G-
proximal point algorithm converges almost surely
to a zero of T.

ACCELERATED VARIANTS

Drawing inspiration from classical acceleration
techniques, we can develop accelerated versions
of our G-proximal algorithms.

Under strong G-monotonicity conditions, this
accelerated algorithm achieves convergence rates
of O(1/n?) compared to the O(1/n) rate of the
basic algorithm.

COMPREHENSIVE CONCLU-
SION

As we reach the conclusion of this compre-
hensive investigation into monotone vector fields
and proximal algorithms in G-metric spaces, it
is important to reflect on both the theoretical
contributions we have made and the broader
implications for the field of optimization theory
and its applications.

THEORETICAL  ACHIEVEMENTS
AND CONTRIBUTIONS

Our study has been able to build a strong
theoretical framework which builds upon the
basic ideas of classical monotone operator theory
to move into the more complex geometry of G-
metric spaces. This extension is not merely cos-
metic since the three point distance formulation of
G-metrics presents delicate complications which
must be handled with some mathematical care.

G-monotonicity concepts have created a con-
siderable theoretical progress. We have developed
a language of mathematics suitable to describe
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monotonic behavior in geometrical situations
where the classical approach fails, by defining
classical notions of monotonicity in the G-inner
product structure, and modifying them to work
in that context. The evidence that maximal G-
monotone operators have well-defined single-
valued resolvents (Theorem 3.1) needed new
methods that combined classical variational
analysis with the special characteristics of G-
metric spaces.

More significantly, perhaps, our convergence
analysis of the G-proximal point algorithm is the
first rigorous treatment of the proximal methods
in this generalized geometrical context. The fact
that strongly G-monotone operators converge
strongly (Theorem 3.3) and the fact that the rates
of convergence of the algorithms are explicit,
linear (Theorem 3.4) prove that the algorithms
are not simply theoretical constructs but con-
crete computational methods whose behaviour
can be estimated and observed. The G-non-
expansiveness property of resolvent operators
(Theorem 3.2) has profound structural similarities
to classical Hilbert space theory and indicates the
new attributes brought by the G-metric structure.
This outcome is the basis of the information about
the stability and robustness characteristics of our
algorithms.

PRACTICAL IMPACT AND APPLICA-
TIONS

The practical applicability of our theoretical
framework has been illustrated in three different
areas of application, each of which throws into
different focus the G-metric structures in natural
occurrence within real-world problems.

Variational inequalities In the context of
variational inequalities, our G-variational inequal-
ity is a formulation of equilibrium problems
in which the interactions between variables of
decision are not sufficiently represented in terms
of standard pairwise distance indicators. The G-
proximal algorithm that we have developed gives
a computational method of solving problems of
this kind and the convergence properties that
have been proven can be expanded on classical
findings.

The new concept of G-Pareto optimality,
where geometrical relationships between gradi-
ents of objective functions are introduced in
the conditions of optimality, is introduced by
our treatment of multi-objective optimization in
G-metric spaces. Such strategy unveils novel
concepts of solutions that may be more reflective
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of the complicated trade-offs of multi-objective
problems, especially in the context of applications
where goals are not independent and are instead
manifesting some complicated interdependencies.

The network flow applications show, perhaps,
the strongest practical reason to do our work. In
contemporary communication networks, transport
systems and social networks, the utility or
cost of links between the nodes is sometimes
characterized by triangular ties that classical
pairwise measures are unable to represent. We
have a G-proximal network flow algorithm
that offers a principled method to optimization
in those situations and numerical experiments
have demonstrated a large improvement over
conventional methods.

METHODOLOGICAL INNOVATIONS

In addition to the individual theoretical
outcomes and applications, our paper proposes
some methodological innovations that transcend
the immediate context of G-metric spaces.

How classical concepts of acceleration can be
applied to a more general geometry is illustrated
by the construction of acceleration methods to
proximal algorithms in non-Hilbert geometries
(Algorithm 4.3) and the analysis of accelerated al-
gorithms in more general geometric frameworks.
The accelerated G-proximal algorithm has the
best convergence rate of O(1/n?) which is similar
to those of accelerated algorithms in Euclidean
spaces.

We propose stochastic proximal algorithms in
G-metric spaces (Algorithm 3.4) because it is a
practical fact that monotone operators are noisy.
The near-certain convergence outcome offers
hypothetical assurances in implementations in
uncertain settings, which is important to machine
learning and data-driven optimization endeavors.

The numerical examples that we have
provided are more than mere convergence
verification but reflect the real benefits of using
G-metric approach under particular application
conditions. The communication network opti-
mization example, especially, demonstrates how
the geometric flexibility of G-metrics to solution
approaches can be used to get significantly more
efficient methods of solutions than the traditional
methods.

LIMITATIONS AND CHALLENGES

Although our study is a great step forward, it
is only necessary to mention that we have some
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limitations and challenges that still need to be
overcome in further research.

Our results are restricted by the need of the G-
inner product structure in the context of G-metric
spaces which have more structure of a vector
space. This is met in most practical applications;
however, there are interesting G-metric spaces
of a more combinatorial or discrete character in
which our strategy does not necessarily apply.

The cost of computing the resolvent operator
of G-metric spaces can be dramatically more
expensive than in classical. The use of the G-
proximal point algorithm with each iteration of
the algorithm involves the solution of a possibly
complex inclusion problem, which can restrict its
application to very large-scale applications.

We are not so tight on our convergence
rate analysis; although it has explicit bounds.
The constants that we use in our convergence
estimates are even conservative, especially when
we have a problem with special structure which
our general analysis does not take advantage of.
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